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This article deals with the same type of problems of the theory of linear
differential equations in two independent variables as the earlier work
[11: the boundary value problem for the elliptic equation, Cauchy’s
problem for the equation of the hyperbolic type, and the problem on the
construction of a particular integral of an equation of arbitrary type.
As in [ 1], we assume that the boundary values of the solution function
and its derivative {or the free term of the equation) depend on a large
parameter k, and represent rapidly oscillating functions. In contrast with
{11, we here assume that a small parameter h appears in the coefficient
of the derivatives of highest order. We investigate the nature of the
solutions of the problems mentioned, and give various methods for con-
structing approximations to these solutions., These methods vary according
to the relationships existing between parameters k and h., We assume the
reader to be familiar with the content of the earlier work [ 1],

The method on which the present work is based was used in the author's
monograph [ 2 1 on the theory of elastic shells, Certain of the results
presented here have already been formulated in the said monograph, but
were there stated as preliminary announcements. Here, relegating the
question of the efficiency of the method to second place, the author
attempts as far as possible to define the conditions in which the method
is valid.

1. 1. Let us consider the equation
AN (D) + L (@) =0 1.1

where h is a small constant parameter, while L and N are differential
operators of order ! and n respectively (it will always be assumed that
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n> 1)
[ ]

v={ j=v .,

\ v=n j==v
v 9 —
L = 2’ 2 aJ v (J) aa] 031 3! ZV - Z 2 1, V(v; oai aBl-—J

v=0 j=0

For the time being we assume only that the coefficients of both oper-
ators are sufficiently smooth. Additional hypotheses will be imposed on
L and N later.

The equation (1.1) will be solved under boundary conditions depending
on a large parameter k. We establish the connection between k and h by
the formula

k= ht (1.2)

wvhere t is a positive member.

2. We will seek integrals of the equation (1.1) of the form

r=l—n—1 _)ii—j\ u=R‘
@=0  (f=for 3 K T L 0= D) (1)
=0 u==0

Here x and { are positive numbers such that y < {; the symbol X* (here
and subsequently designates summation over all values of the appropriate
index having the form o + r/{ (o, 7 are nonnegative integers),

va fxa fK+11 e 1fﬁ-—h (Dm (Dllta teeyy (DR—llC (14)

are functions of a and 3 which are independent of k, f, is not constant,
®, is not identically zero, and ®; is a function of (a, B, k).

Subsequently, the function fo will be called the principal part of the
change function, the functions f,, , will be referred to as the coeffi-
cients of the expansion of the change function, @u(U'< R) will be known
as the coefficients of the expansion of the intensity function, and ®p
will be called the remainder term.

The number k in the formula (1.3) is related to h by the formula (1.2).
For a fixed h, the rate of change of the function ® increases with an in-
crease in t. We will therefore call t the change index of the considered
integral. Our first problem consists in the investigation of the pro-
perties of the integrals of the form (1.3) in so far as they may depend
on the change index t.

3. The operators L and N have the same structure as had the operator
L in article [1]. Formula (1.9) of that paper is valid for L and N, and
we may write:
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u=R
L(@) = { Kt Z k= Z_‘ kv L, (q),,)}

a=n =R (1.5)
N((D)—e"l{k" SV k=t k=P N (@ )}
2=0 p=0
In these formulas L and N are differential operators of orders v and
g respectively, Their coefflcgents are polynomials in the derivatives of
f of degree I — v, and n — q, respectively. Taking into consideration the
expression (1.3) for f, we may write

=N
Ly=Lyo+ Dk ° Lownr

A=0

p=p' %t ('1-6)
Ng=Ng o+ 2 k-t Nq.(x+u)l(

u=0

where L and N with two subscripts no longer depend on k,
V== —x—1), W=(m—gC—x—1)

Substituting (1.6) into (1.5), after some transformations we obtain

r=l+.R u=r;
L ((D) = e [kl 2 Z K L[r—u] ((I)u)} (r—u<!, us<R)
=0 u=0
e=nt R=s (1.7)
N(®) =" {k-n > k™" Nis—p) (q’p)} (s—p<n, p<R)
s=G( P=0

In these, and in all subsequent formulas, we should retain in the sums
only those terms in which the summation indices satisfy the inequalities
indicated in parentheses. The expressions Iy | and I\tw] are given by

Ly= 3 Leyw  Nwm= 2 Nr
ryiC=w r+yi=w

(the summation being carried out over all nonnegative integers r and y,

for which r + y/{ = w).

We can show that L[w] has the following properties (assuming that v’
stands for the integer part of w).

(a) L[ o is a differential operator of order w’ whose coefficients are
polynomials in terms of the functions f,, f,, fX+ R fg and their
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derivatives, and linear functions of the a-k(V).

(b) When w is an integer, the principal part of L[, coincides with
the principal part of the operator L f and, in particular, in accord-
ance with formulas (1.7) and (1.8) of the’ earlier work [ 1], we have

i=l

Lin= 2 a; Y1l lg? (1.8)
i=0
d /] a a
L[l] = aloa {L[UJ} a_a + afoa {L[Ol} ap + v (1 '9)

where f,., f%ﬁ are the derivatives of f, with respect to a and f3; the
succession of dots indicates terms which do not contain symbols of
differentiation.

(c) The following formula holds good:

Ly =0, 0<w< ¥
2 df,
Lixgg = 57— {Loh 55 +57~ af {Lio)} 55~ 6B (1.10)
e afx
Lyetryigg,= { {01} a“ +a, {L[ol} ap A+ F (faxn)
=1, ..., t—x—1)

Here and subsequently, the symbol F(f < y + A) stands for a function
of fo, fon fX*'l’ cor, fk4—h—r1 and of their derivatives.

The function N 1 has completely analogous properties.

4. Llet us substitute (1.7) into the original equation, replacing h by
k with the aid of (1.2), and let us drop the exponential factor. We then
obtain

R {a=§n vz=: - N[s—-p](q)p)} gy {r=§.n uz=: = L[r—u](q)“)} =0 (1.11)

' os=0 Pp=0 =0 u=0

(r—u<!, us<R, s—p&n, p<R)

Next, following the same procedure as that used in the earlier work
[1], we equate to zero the coefficients of the different powers of k
beginning with the highest power. Three different cases can arise in this
connection.

Case 1.
I>n—1[t or t<C
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Now, assuming that [ = n — 1/t + p, and equating to zero the coeffi-
cients of all powers of £ from [ to I — R~ 1+ 1/{, we obtain
U==1

E'L[,_u]((Du)—_—O r—u<l u<R;r=0,1/%...,0—1/8 (1.12.1)

v uzr‘ p=r—e
S Ly (@) + D Npoopy (@) = 0 (1.12.2)
u==0 =0
—usShuSKRy r—p—pssn; p<Rir=p, p4+1/8 e4+2/(,... ., R4+1—1/0)
r=l+R u=R s=nitRiep=s—o
SN R L @)+ Y N AT Ny (B5)=0 (1.12.3)
ra==R--1 u=0 sm=R-41 p=0
(rﬁuglvs’?“Pgn!pgR)
Case 2.

1
l<n‘—'1/t or t>n—_—7:t0
Now, assuming that n - 1/t = [ + p, we similarly obtain the following
equations

pP=38
S Ni-py(Pp) =0 (s—p<<n; p<R; 5=0,1/8,2/¢,..., p—1/8) (1.13.1)
r=0

= i
D Vo1 (D) + D Lis—e—uy (D) =0 (1.13.2)
p=0 u=0
(s—p<<ny p<B; s—p—uK<lL uKR s=p, p+1/8, p4+2/0 ..., R4+1—1/0)
s==n-+R p=R re=l+Rto u=r—p
S R N @)+ S S AT Lo (@) =0 (1.43.3)
s==R-}1 p=0 r=R4+1 u=0

(s—p<<n; r—p—u<<l; usCH)

Case 3.
l—=n—1t t= ¢
=n—lft or t= =14
In this case we obtain
Ut p=s,
D Ly (@) + X Npgp (@p) =0 (1.14.1)
U= p=0
(KR, r—u<<l; p<<R; s—p<in; r,s=0, 142K ..., R4+1—17%)
r:l—i-‘R u-R‘ s=-n+‘R p-lz
2 D E L@+ D D F Ny (@) =0 (1.142)
rweR41 u=0 s=R+4+1 p=0

(r—usl; s—p<n)
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5. Let us rewrite the lead-off equations of the systems (1.12), (1.13)
and (1.14). After dropping the nonzero factors ®,, we may write these
equations as follows:

j=1
Lig Ejz_‘,o o) fi, frri =10 (1.15)
j=n
3\ n o N
Npg= _Zo Wi Flp o5 =0 (1.16)
J-
j=I jm=n

Ly + Neg= 2 o, f 1 fisi + D bMheifod fori =0 (147)
j=0 i=0

Since L[Q] and Nto} are characteristic polynomials of the operators L
and N respectively, it follows from (1.15) to (1.17) that if integrals of
type (1.3) exist, then the level lines of the principal part of the change
function f,* will behave as follows:

(a) when t < t, they coincide with one of the family of characteristics
of the operator L;

(b) when t > t;, they coincide with one of the families of character-
istics of the operator N;

(c) when t = t,,» they pass along lines which either are not character-
istics of L or of N, or else are characteristics of both.

Remark: The trivial solution fo = const of the equations (1.15) to
(1.17) is not considered.

Integrals of type (1.3), for which the level lines of the principal
part of the change function coincide with some family of the real or
imaginary curves, will be called integrals corresponding to this family.
Thus we can assert that when t < t; we obtain integrals corresponding to
families of characteristics of the operator L, but when ¢ > ty, then the
integrals correspond to families of characteristics of the operator N.
Integrals of one or other of these types will be called fundamental inte-
grals (or solutions) of equation (1.1),

2. L Let us take t > t;, i.e. we consider Case 2, and examine system
(1.13) more closely.

This system has a meaning only then when

*

Just as in the work [ 1 ],the integral {(1.3) is constructed in general
within & complex region, and, hence, the level lines can be imaginary.
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n=141/t g (2.1)

and p is a number of the formo + 7/{ (0, r are positive integers). In
the opposite case, the expression L{s —~ p ~ p] has no meaning. Hence-
forward we will always assume that p = 7 + r/{; this means, on the basis
of (2.1), that we take a rational number for the change index t. (In mono-
graph [ 2] 1/t was assumed to be an integer).

2, Let p < 1. We will show that in that case a recurrence process for
the determination of the function (1.4) can be constructed if one sets

x/¢=p.

When p = ¥ /¢ in equations (1.13.1), the subscripts of N will be less
than x /¢, and owing to property (c) of operators Liy1s Npypo all equa-
tions (1.13.1) will be satisfied if we set No1 = 0; i.e. system (1.13.1)
is equivalent to equation (1.16).

From system (1.13.2) we pick the equations corresponding to (s < 1).
These equations constitute a system of algebraic equations because they
contain L and N with only such subscripts as are less than one, which
according to property (a) do not involve symbols of differentiation (they
are operators of zero order).

After some obvious transformations, this system can be reduced to the
form

N[(x_*_))m] - — I:IMC] (7\ = O. 1, 2, N ,C — W — '1) (2.2)

We can now determine the coefficients of the expansion of the change
function by successive solutions of equations

9 oy | 8 Ot
T, NVt 55 + 57 Nk g7 = — Lo
(2.3)

3 0, 9 0fy
7 {Nop} T:L -+ g {No} —aﬁi = —F (fexpn)

(see property (c) and expressions Ly, Npj)-

Equations (1.13.2), corresponding to (s » 1), can now be rewritten as

N[l] ((Do) -+ L[l—p] q)o =0

Ny (@e—y) + Lijg—g) (Psy) = (2.4.1)
p=s—1—1Jf U= 8—1—11g
=— 2 Nun(®@)— 2 Lu—pu(®u) =0
=0 u=0

(s—p<n s—p—u<<l; s=14+1%&,...,R+1-1/0)
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or, expanding the left-hand sides by using formulas analogous to those
of (1.9):

7} d 0 0
[~a—f0;{1\’[ol}a—“+ %(N(ol}'a‘g-f----J((Do):o

) 9, @ f)
[_af_o; N} 55 + ETm {Nia} 55 + - } (D,_,) =
p=8—1—1/§ u=8—1—1§

= 2 Nis—p) (Dp) — Z Lie—o—u) (D)
=0 U=0
(On the left-hand side only the principal parts are written out explicit-
ly. The subscripts are subjected to the relations given earlier).

On this basis the coefficients of the expansion of the intensity
function can be determined by the method of successive integration of
first-order linear equations. For the determination of the remainder
term there remains equation (1.13.3), which may be rewritten in the form

s=n+|R r= H—I}—}-p

Y K Nuem (@) 4 D K Lpopm (@) =F  (2.5)

s=R+1 r=R+0}

where F is some definite expression in temms of the function (1.4), while
0 is the larger one of the numbers 1 and p.

3. Next, suppose p > 1. We can then assume that the change function
is independent of k, that is f = f(a, B) = fy(a, B), and that the coeffi-
cients ®, of the expansion of the change function with integer subscripts
are identically zero for u < p. We thus obtain a recurrence process for
determining the functions

va ‘Doé (Dlr ¢2, ey (Dp” (D‘,. (Dp-}—lle LR ) (DR—IIE‘.

(p’ is the largest integer less than p). The recurrence process mentioned
is described below,

The change function f;, is determined by means of equation (1.16).
Functions d)o, (Di, +eey, ®, are determined with the aid of equations

0
p=8—2
Ny(@ ) =— D) Neop(@p) (—P<ns=1...,0 (24.2)
=0 A
where 6 is the smaller of numbers R and p’. Functions (Dp, ®p+ VR
Dy _ /¢ (when p* < R) are determined by the use of equations
p-=s—~l.—llt u—e—.p
Ni(@)=— 2 Nop@)— X Loou(®) (24.3)
P=0 U=0Q

(s—p<<n; s=p¢, o +14,...,R41—1/)
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The remainder term is determined from equation (2.5), just as when
p <l

Remarks.

(a) If p > 1, and all the functions f, are assumed to be identic-
ally zero, L[ ] and N[ ] do not differ fxom L, and N respectively.

(b) If p is an integer, it may be assumed that all ®, with fractional
subscripts are zero, i.e. an integral of the same type as in the earlier
work [1] is sought.

(¢) If p < 1, the recurrence process for the determination of the
functions (1.4) can be obtained by setting ¥ /{ = p/m (m is an integer);
just as when p > 1, we may set ¥/{ = 1/m. The processes described for
the construction of functions (1.4) are not unique. They are only the
simplest, and lead to integrals sufficiently general for finding the
solutions of problems of special interest.

4. The coefficients of the original equation are assumed to be
sufficiently smooth. It is for this reason that the only singular points
of the equation (1.16), (2.3), (2.4) and (2.5) will be those where the

coefficients of the highest-order derivatives vanish simultaneously.

For the equations (1.16) and (2.5), these will be the points at which
all the b, ") vanish simultaneously, i.e. the singular points of
operator

For the equations (2.3) and (2.4), these can be only those points at
which the following equation holds

7 d .
. (N} = s {Npp =0 (2.6)

i.e. (a) singular points of operator N; (b) stationary points of function
foi (c) points at which the characteristics of N are repeated, or points
of common tangency between N characteristics belonging to different
families.

The trivial solutions f; = const are disregarded. The case when all
the b, (") are identically zero in the region in question is also excluded
from consideration without loss of generality. We may therefore conclude
that all the points of a region G cannot be singular points of the equa-
tions (1.16) and (2.5). For the equations (2.3) and (2.4) this can happen
only then when the operator N has multiple families of characteristics
in the region G.

5. In the equations that determine f,, (whenp < 1) or ® _ 1(when
p > 1), the term which depends on the operator L has a coefficient L[,
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which can vanish identically only when the regions of L and N being con-
sidered have coinciding families of characteristics. If this case is
excluded, we may assert that the terms in (2.4) depending on operator L
will enter into the computations from a certain stage, when we begin to
determine ® _,. Thus, we say that if t > t,, then the integral of type
(1.3) can be determined (when p » 1) from the approximating equation

AN (@) = 0 2.7y
to within the asymptotic error of the order k=P * 1, This means that for
every problem for which R = p ~ 1, the remainder term ®p = will be

bounded, that the replacement of equation (1.1) by equatlon 72 ) will
not affect the change function, and that the error caused by this re-
placement will be of the order O(k~P*1) in the determination of the
intensity function. If p < 1, the equation (2.7) is not applicable to the
determination of the intensity function, and it will also give an error
in the determination of the change function.

The principal part of the change function can however, be constructed
precisely for an arbitrary p.

If L) = 0, then the asymptotic error of the equation (2.7) decreases,
but we cannot go into greater detail on this question here.

3. Let t < ty, i.e. we have case 1. We must then use system (1.12) to
determine the coefficients of the expansion of the change function and
of the intensity function. This system (1.12) differs from system (1,13)
only in that L is replaced by N, and N by L. Therefore, by analogy with
Section 2, we can formulate the final results at once without having to
make any explanations.

2. Let the following relation be given

l=n—1/t+yp
(as before, p is a number of the form o + 7 /().

If p < 1, we set ¥/{ = p, and obtain:

(a) to determine the principal part of the change function, equation

(1.15);

(b) to determine the coefficients of the expansion of the change func-
tions, equations

afx afu r
, Lo} 55 +a, L 35 = — N (3.1)
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ol 2
3 L) 52+ 57 Ly T2 = — F () (3.2)
=12 ..,—x—1)

(c) to determine the coefficients of the expansion of the intensity
function, equations

9 ]
[—af: {L[Ol} B + 0f {L[o]} as ]((Dr—1> —
u=r—171 p=r—1—17%
= Y L@y — D Ny_pg (@) (3.3.1)
u=0 p=0
r—ulr—p—p<<n; r=114+1¢,,..,R+1—1/)

(d) to determine the remainder term, equation

r=l4R s=n+Ii+p

D K Lym @)+ X K Ny ny (Qp)=F (3.4)
r=R41 s=R+6

where F is some definite expression involving functions (1.4), and 6 1is
the larger of the two numbers 1 and p.

3. If p > 1, then we may assume that f = f, and @, is different from

zero only for integer values of u < p; in that case we have the following
results:

(a) f, is again determined by means of equation (1.15);

(b) functions ®,(u < p) are determined by equation
U=r—2

Li( @) =— D) L,_y (D) r—u<<l; r=1,...,8) (3.3.2)

u=0
(6 is the smaller of the numbers R and p”, while p” is the largest integer
less than p);

(c) the functions ® (u > p) are determined, when p’-< R, by equations

u=r—1—1/{ P=T—p

Li@_)=— 3 Liw(®)— 3 Nropsp(®y)

u=0

p=0
r—un r—p—p<sgn: r=p41, o+14+14¢, ..., R+1—1/0)
(d) the remainder term @ is determined by means of equation (3.4).

4. The only singular points the equations determining functions (1.4)
and the remainder term ®p can have are the singular points of operator
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L, the stationary points of f, the multiple points of the characteristics
of L and the common tangency points of characteristics of L belonging to
different families.

5. If, as before, we assume L and N to have no overlapping families of
characteristics in the region being considered, then M,] # 0, and the
quantities connected with operator N will enter into our derivations only

when we come to determining function @ . Hence for t < t,, an integral
of type (1.3) can be determined from t%e approximate equatlon
L(®)=0 (3.3)

with an asymptotic error of order k=P * 1. This statement must be under-
stood in the same sense as in Section 2.

4. 1, Let us assume that ¢ = ty, il.e. we have case 3 and consider
system (1.14). In this case the recurrence process to determine functions
(1.4) can be obtained for an arbitrary rational value x /¢ < 1. (In
particular, we may set xy/{ = 0, i.e. take f = f,; but this will not yield
integrals general enough for solving the problems we are to consider.)

We will describe the process corresponding to the case when x/{ £ 0. In
doing so, we will not dwell on the consideration of case p < 1, for such
considerations would be identical with those in Section 2.

(a) To determine f, we have equation (1.17).

(b) The coefficients of the expansion of the change function are de-
termined by means of equations

af {Lia + N[ol} aa T af {Ligg + Ny} a—B =0

{LmJ-t-lV[ol} ”“ + 57— af {Lio + Nyop) ”gx + .o+ F (faep) =0 (4.1)
A =12,..., {—x—1)

(c) The coefficients of the expansion of the intensity function can be
determined successively with equations

[_af {Lioy + Nt} 5 aa + 5~ af {Lioy + Nt} 35 as ](‘Do) =0
[a/ {Liy + Niai} 55 aa + 5 a/ {Lio + Nio} 55 0B ] (Dr—) =
u=r—1-1{g p=s—1-1/¢
2— 3 Lew(®)-- 2 Nis-r1(®5) (4.2)

(r—u<l; s:?gn; r,s=1+41/, 1+2/¢,...,R+1-—-1/§)

The remainder term is determined by the use of equations
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r—l+R s—n+R
> K Liory (Pr) + ), A Nje—p) (@) =
r=RH1 s=R+1 (4:3)
r=l+‘R u=R-:1]C _-n+R p—R—lIC
= 2 2 k_rL[r—ul (Pu) — 2 2 k_‘N[s—pl (D)
r=R+1 u=0 s=R+4+1 p=0

(r—u<<l; s—p<n)

2. We will seek such solutions of equation (1.7) as take on zero

values on a given real contour y not touching the characteristics of L
or N.

Let contour y be made to coincide (if necessary by means of a pre-
liminary real transformation of the independent variables) with the line
a=a,. Then f, = 0 on y, and (1.7) yields

a, (z)/ l+b (")an"= on « (4.4)

The functions ay, 0( ) and b, 0(") are distinct from zero at all points
of y, for otherwise' the characterlsucs of L or N would touch the contour
y. Therefore, the equation (4.4) yields n — l non-zero values for f,, on

y: n—l

T
Joa = “;l'(oﬂ_) on Y (4.9)
n,0
where v is a root of the equation
G
vt 4 sign (——‘)(—")—> =0 (4.6}
bn

Differentiating (1.7) with respect to a, and setting a = a;, in the
result, equations can be constructed for the successive determination of
the contour values of any order derivative of f, with respect to a. These
equations have the form

(l) foa + b’l o(n)foanl

a o r—1
= F(Ga L, 6aar_ff)on v (47)

where F is a known function of the arguments enumerated.

The coefficient of the r-th order derivative in the left hand side is
obviously different from zero, for f, stands for a nonzero root of
equation (4.4), and the latter, bemg a root of the binomial, cannot be
a multiple root. Hence, to every solution of (4.5) there corresponds
some integral of equation (1.17), which on some obvious hypotheses can be
determined in the neighborhood of y by means of Taylor’s series.
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3. If f, is known, then the remaining functions (1.4) and the re-
mainder term are obtained by integrating the equations (4.1), (4.2) and
(4.3). Thus, to each of the solutions of (4.5) there corresponds a certain
class of integrals of type (1.3). As in the earlier work [2 ], we call
these "integrals with the support contour y*. From this it follows that
these are the solutions of equation (1.1) for which the principal part of
the change function vanishes on y.

We will show that equations (4.1), (4.2) and (4.3) have no singular
points on y. By hypothesis, b, 0(") # 0 on y. Therefore, there are no
singular points of operator N on y, and hence equation (4.3) has no
singular points. Singular points of equations (4.1) and (4.2) can occur
only where the following equation holds good:

8 . 2 B
T {Lio) + Nyop) = B {Lio; + Npoj} = 0

and since the contour value of f,, is zero, we must have the relation

- 0
a?m {Lioy + Nioo} = o (0109 06! + bno™/oa) =0 on x

but this contradicts a result established above .

The contour value f,, in the integrals with support contour y is pro-
portional to the corresponding root of binomial equation (4.6).

Generally speaking, these roots can be separated into two sets:
(n — 1)/2 of them have positive real parts, (n — 1)/2 of them have negative
real parts. The exception represents cases when n — [ is an odd integer
or when equation (4.6) has two pure imaginary roots.

5. 1. Let us consider a problem analogous to problem A in the earlier
article [1]. In the finite simply-connected region I' = I" + y, bounded
by contour y, parameters (a, 8) correspond to a system of coordinates
similar to a polar system, i.e. contour y is given by equation a = a; > 0,
and the region is determined by the inequalities

0 << ag, 0B 2r

The correspondence between the points of the region and the number pair
(a, B) is one-to-one everywhere except at points a = 0 and lines 8= 0,

B=2n.

Problem A consists in constructing the solution of equation (1.1) in
the region I" under the boundary condition
bl o))

= D0} (D) = fugeike on 5.1)
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(g=0,1,2,..., -;f-—l) (n— even)

vhere g(“) and ¢ are given functions of 3 independent of k, while ¢ is
assumed to be a real function. Just as in the earlier work [ 1], the
parameters of the problem are assumed to be sufficiently smooth, i.e. y
is a sufficiently smooth contour, while g(”) and ¢'* are sufficiently
smooth functions of points on contour y. Moreover, it is assumed that ¢’
does not vanish at any point of y. Our aim will be to show that the
approximate solution of problem A under known conditions will consist
either of fundamental integrals only or of fundamental integrals and 1inte-
grals with support contours y (where y is the boundary of the region).

2. As will be shown later, the solution of problem A can be sought by
assuming the parameters t in boundary conditions (5.1) and in formula
(1.3) to have the same meaning. Therefore, in the concretely formulated
problem A, parameter k is determined by the character of the boundary
functions, and it is natural to call it the index of changeability [or
variability ] of problem A.

3. Let us first consider the case when t > to and assume N to be an
elliptic operator without singular points of y, all whose families of
characteristics are simple near y. Moreover, we will assume that on y
there are no points of common tangency of characteristics of N belonging
to different families.

In this case we seek a solution of problem A in the form

® = £ O, @k @ (5.2)

where f( 9) and q)*(q) stand for the change function and intensity function
of the fundamental integral corresponding to the g-th family of the
characteristics of N. The summation is carried out over a certain number
of families of characteristics of N, to be specified later.

4. Functions fo(q) and fX+ )\(q) will be subjected to the following
conditions

Jol® =ip(B) on ¥ (5.3.1)
Re {foa @} >0 on 7 (5.3.2)
fupr @ =0 on g (5.4)

Condition (5.3.2) is called the "damping condition" in the earlier
work [1 1. It was there shown that only those integrals can be subjected
to this condition which correspond to certain definite families of
characteristics, in which there will be n/2 in an elliptic operator of
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order n, In sum (5.2) we will therefore retain only the n/2 terms corres-
ponding to these n/2 families of characteristics.

The principal part of the change function f, has no stationary points
on y, for by hypothesis ¢’{(8) is never equal to zero; the singular points
of N, and the points of common tangency of the characteristics of N be-
longing to different families, are absent from y. This means that the
equation which determines f;, f, ) and ® has no singular points ony,
and we assume that in the neighborhood of y, the functions f.'9’ and
f A(q) satisfying the contour conditions (5.3) and (5.4) will be uni-
formly bounded in @, . Then, for sufficiently large k, the function

hemlon—1  wfA

FO = f(@ 4 2 k— T‘fx_g_l
A=0
will satisfy the following condition
f@ =g 5.5.1)
Re {fa@} >0 on ¢ (5.5.2)

as in the earlier work [1].

5. Having replaced L by D{#:9) and @ and f by ®(9) and f( ) in formula
(1.5), we obtain

V=g u=R

DO (@) = D (g D) fo D) *k—uD, (0 (O,@)}

V=0 u=0

Let us sum the expression obtained over n/2 values of q, substitute
conditions (5.1) and divide out the exponential factor. We thus obtain
the contour relation

g='m v=p u=R
2 hut Z J—v 2 * k~uDy (00 (O, @) = k*g) on ¢ (5.6)
q=1 v=0 u==0

which is entirely analogous to contour relation (2.3) obtained in the
earlier work [1] in solving problem A for an equation which did not con-
tain a small parameter.

6. Henceforward the solution of problem A is constructed exactly as
in the earlier work [11].

In (5.6) we equate the coefficients of corresponding powers of k from
p to p - R+ 1/{ on both sides of the equation. As was shown in [1], this
makes it possible to attach to each differential equation (2.4) the con-
tour condition which consists in specifying the values of function @ 17
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on y, We assume proposition (a) that there exists a small enough neighbor-
hood of y in which all the functions ®, (u < R) so determined are uniform-
ly bounded in a, S.

For the remaining terms, from (5.6) we obtain n/2 contour conditions
similar to conditions (2.6) in article [1]. The problem on the construct-
ion of functions fDR( 9) in the nelﬁhborhood of y thus remains indeterminate,
since every one of functions ‘I) 9/ satisfies an equation of order n. We
next assume proposition (b), that this problem can be made determinate by
specifying additional contour conditions so that functions ®p (q may be
uniformly bounded in @, 3, and k in some neighborhood of y.

Let us consider the expression

q=n/2 u—.R
Q' = 9 2 (D(Q)+ Q© ((D(Q) — e’ff@)z k-—uq)u)
q=1 u=0

Here i is a smoothing function which has the same meaning as in the
earlier work [1]. It is equal to one in region I, i.e. when a

o — 1, equal to zero in region ' -1, i.e. whenac-e >a,8(0<r;<
€ < a, ), and is unboundedly (hfferenmable in region [, ~ F , 1.e. when

- 17 2> a ao - €.

Let us require (%) o satisfy equation (1.1), We then obtain the
following equation to determine ®:

q=n/2
RN (@) 4+ L (@9 = P=—(hN + L)( ¢ a)(‘“)
- g=1
We select ¢ so small that propositions (a) and (b) hold good in [,

and that the damping condition (5.5) is also satisfied. The absolute
value P will then be of type O(k~ ), where v is arbitrary. In region I,
contained in Fc all P ¥ satisfy equation (1.1), while yr= 1, and hence
P=10. In region '~ T, P is also zero since x= 0. InT, - I‘ , the
absolute values of ®f (¢)’ are of type 0(k™Y) because of equauon

u=R
A -
D@ o HMP S e,@

W

and owing to propositions (a) and (b), while ¢/ and its derlvatlves are
bounded. Therefore, the absolute value of P is of type O(k~

Introducing proposition (c) that the nonhomogeneous form of equation
(1.1) has a bounded soluticn for an arbitrary bounded right hand-side and
for homogeneous condition (5.1), we may assert that the approximate solu-
tion of problem A, without &% and the remainder terms, can be found in
the form
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g=n/2 @ u=R—}/t
=9 M 3N 00
g=1 u=0

with an error of the order O(k~ R).

7. Propositions (a) and (c) pertain to classical problems of the theory
of differential equations, and we will not dwell upon them. Proposition
(b) was considered in the earlier article [11, but certain errors were
made in the discussion there.*

The question of making the problem on the ® determinate is more
difficult to settle than had been expected. A complete statement of the
difficulties is not appropriate here. We will restrict ourselves to the
consideration of an example illustrating the matter.

Let the following equation be given in polar coordinates (r, 8):

[,- /0 1 o 1 4 2 790 i 0 -

it ot o)t (Gt w)| =g 6D
(a, g are given functions, k is a large constant ). The following contour
condition is also given

®p/ra1 =0 (5.8)

It is required to specify the contour values of the derivative of @p,
with respect to r, in such a way that the corresponding Cauchy problem
may have a bounded solution (as k + =) in the neighborhood of r = 1 (for
r < 1). The question of making the problem on the remainder term deter-
minate in the example considered in [1] (Section 6), is equivalent to
the problem just stated.

We introduce the notation

amoR am
= Om, El =gm

ar™ |r=1 or™ |r=1

and construct the system of equations obtained when (5.7) is different-
iated successively with respect to r, and r = 1 is set in all but the
original one of.these equations. Making use of (5.8), we then obtain

* In particular, in the so-called auxiliary characteristic equation one
term was omitted, and the equation actually has the form

{ae O [(fa + BN — fLl}ama, = 0
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E (D) + D)) +2P) = g (5.9)

@ 4+ Dy — Oy + 200 )__2(1) —20,, + 2 0
e @) (6} 55z + @ (2) (1) L—o = 8w

o s . « e o a e ¢ ° 4 s« 8 s e & & s & e s & s s s s e

Letting

o0
O = Zk—%,, (pp — are functions of ¢
p=0

and applying a familiar procedure, by means of (5.9) we can successively
determine the contour values of all the derivatives of ®p with respect

to r and construct the solution of Cauchy’s problem in the form of a Taylor
series in r. In doing this, (I>( x) will in general be represented in terms
of infinite series containing positive powers of k, and the boundedness

of the solution as k » «~ will thus not be guaranteed. Therefore, we re-
quire that all the @ | be represented in the form of a Maclaurin series
in powers of k 1. ]{is leads us to the equations

; . d
200 = g0, _*2%—‘4‘?14"21‘(%‘:81---

from which we can successively determine functions & , Por cres and the
problem has thus been made determinate.

The method presented of determining the problem on th ®, can be carried
over to the general case of interest to us (when the coefficients of the
equation and the given data of problem A are analytic functions). A de-
tailed discussion of this matter is, however, quite cumbersome and would
be out of place here.*

8. Thus, when t > t,, problem A for an equation with a small parameter
has the same properties as when the equation does not contain a small
parameter,

For large enough k, problem A has a rapidly damped solution, which can
be constructed with arbitrary accuracy by the superposition of fundamental
integrals with indices of change equal to the change index of the problem.
(This assertion is of a conditional nature in the sense that the original
equation has to satisfy certain conditions which will ensure the valid-
ity of certain propositions assumed in this paper.)

* This type of method was actually used in the earlier work l1 ]. but
there a mistake was made in the auxiliary contour conditions by show-
ing only the principal terms.
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The actual construction of the approximate solution of the problem
(without the remainder term) reduces to the integration of equations
(1.16) with contour conditions (5.3.1), equations (2.3) with contour con-
ditions (5.4) and equations (2.4) for given contour values of function
®,. Since the resulting solution is composed of integrals corresponding
to n/2 families of characteristics of N, equation (1.16) can be replaced
by n/2 linear first-order differential equations (see [1] ). Finally, the
approximate solution of problem A is reduced to successively solving
Cauchy’'s problem for first-order linear equations in the neighborhood of y.

9. If an asymptotic error of order kP *1 is allowed, then the solu-
tion of problem A can be constructed by means of approximated equation
(2.7). Greater accuracy requires the consideration of L, but the quanti-
ties connected with this operator can introduce corrections only into the
free term of the equation and into the boundary conditions determining
the coefficients of expansion of the change and intensity functions.

6. 1. Let t < t,, while L is an elliptic operator with simple (non-
multiple) families of characteristics having no singular points in I', and
possessing no points of common tangency of characteristics belonging to
distinct famlies. In this case a solution of problem A cannot be con-
structed by the superposition of fundamental integrals only, for when
t < t; the number (1) of different families of fundamental integrals is
less than the required number (n). It becomes necessary to take integrals
with support contours into consideration.

2. Let us consider the integral whose supporting contour coincides with
region boundary y. We change the notation used in Section 4 and express
the integral in the form:

D= ¥ ¢ (6.1)

where g and ¢ stand for the change function and intensity function,
respectively, and § has the same meaning as k in Section 4, so that

A=F—m—1 _ n{2 u=R .
g=g+ 20 F g, ¥ = o, (6.2)
A=0 Uu=0

We will take into consideration only the cases when equation (4.6) has
exactly (n - 1)/2 roots with positive real parts, and we take the solu-
tion of problem A in the form

q="]sl r='[3(n—1)
D= N O@H@f S F (0 (6.3)
q=1 r=1

Here, there are !/2 fundamental integrals in the first sum, which
correspond to the 1/2 families of characteristics of L which can be
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subjected to damping condition (5.3.2), the second sum contains (n - 1)/2
integrals with the supporting contour y, which correspond to the roots of
equation (4.6) whose real parts are positive.

3. In sum (6.3) and in the integrals with the given supporting contour,
the symbols ¢ and 7 are integers, /¢ 1is a proper, positive, rational

fraction, and @ is determined by the formula
1

h=h " (6.4)

The proper, positive, rational fraction y/{, which appears in the
fundamental integrals of the right-hand side of (6.3), is chosen in
accordance with the specification given in Section 3, whereby y and { may
proportionally change (while still remaining integers). Parameter k of
the fundamental integrals is determined by means of formula (1.2).

4, We will express £ and  in the following forms:

{ M —t(n—1) (6.5)

S = Tm=Dh ey oy

t(n—1)

The requirement that /£ shall be a proper fraction is always fulfilled
because of the inequality 0 < t(n ~ 1) < 1.

Without changing the value of fraction x/{, the integer { can be
selected in such a way that £ and n are integers, for t is a rational
number, Subsequently { will be assumed to be the smallest integer satis-
fying this requirement. The formulas given above for £ and 7 are thus
valid. From them, by means of (6.4) and (1.2), we can derive the follow-
ing equations

P18 = k, i€ = k1.:

5. The term g, is zero on y in the integrals with given support con-
tour. Making use of the last-displayed formulas, we thus obtain

72 E— ] A=F—n—1
— - ( —7 (r)
hgm = 01 nlE Z fi /»IEgn_*f;sz 2 k=i sgats on vy
A=0 A0

We require the following conditions to be satisfied:

g,n(") = L‘P’ gn+)‘(7‘) =0 A=12,.., E—7n—1) on (6.6)
Then the next relations hold good

bgt) = ikg on ¥y (6.7)

(In the three last displayed equations r takes on the values 1, ...,
(n-1)/2).
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We require that the principal parts of the change function of the
fundamental integrals and the coefficients of expansion of these functions
satisfy contour conditions analogous to those given in Section 5:

fo® = ig, Re{/pa@)>0 on ¢ (6.8)
(g =1,.. 5
fupr@ =0 (=01,.,0~x—1) on v (6.9)

The following contour relations will hold good:

kf® =ikp on y <q=1,..., % ) (6.10)

6. The functions g, ) are determined by equations of form (4.1) which
have no singular points on y (see Section 4). Functions fyx+A
can be obtained from equations (3.1), which also have no singular points
on y, for f, can have no stationary points on y owing to the boundary
conditions. By hypothesis there are no singular points of L on y, nor any
points of common tangency of characteristics of the operator L belonging
to distinct families. From this it follows that if the coefficients of
(1.1) are sufficiently smooth, then the functions g 4+ and fX'”‘ will
be sufficiently smooth in the neighborhood of y, am? hence the ™ following
conditions will hold good:

Re {g("} >0, Re {fa®} >0 on y

which guarantee the damping of all terms of the right-hand side (6.3) in
the neighborhood of y.

7. Substituting expression (6.3) into contour condition (5.1), and
taking into account (6.,7) and (6.10) by means of relation (1.7), we obtain
the following equation

q=l|2 o=l u=R.
D kD) kv D) k—uD, 0 (0,@) +
q=1 v=0 u=0
r=!g(n—I) v=p u=R.
+ 2 kn 2 k—v Z k—uD,. 0 (") = kugh) on ¢
r=1 V=0 u=0

On this basis contour conditions can be obtained for @ (u< R) and @
by the process briefly described in Section 5.

8. Thus, when t < t;, problem 4 for equation (1.1) has solutions which
decrease as we pass from y into the interior of I'. The rate of this de-
crease increases with an increase in k, i.e. with an increase in the
speed of oscillation of the functions contained in the contour conditions.
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When certain hypotheses analogous to propositions (a), (b) and (c),
Section 5, are satisfied, then the boundedness of the remainder term* is
guaranteed, and the solution of problem A can be constructed with an
arbitrary degree of accuracy for large enough k. This construction can
be carried out by the superposition of fundamental integrals and of
integrals with supporting contours passing along boundary y.

The approximate construction of fundamental integrals entering into
the solution of problem A is reduced to the integration of equation (1.15)
with contour conditions (6.8), equations (3.1) and (3.2) with contour
conditions (6.9), and equation (3.3) for given contour values ® . As in
Section 5, all these operations can be reduced to the successive solutions
of a certain number of Cauchy problems for first-order linear equations
in the neighborhood of y.

The approximate construction of the integrals with support contours,
which enter into the solution of problem A, can be reduced to the inte-
gration of equations (1.17) with contour condition f, = 0, equations of
type (4.1) with contour conditions (6.6), and equations (4.2) with given
contour values ® (u < R). The reduction of nonlinear equation (1.17) to
a certain number of linear equations cannot be accomplished. However, since
the integrals with the support contour y, as well as the fundamental
integrals, need only be constructed in a neighborhood of y, and since for
all practical purposes this neighborhood is quite narrow (see below),
follows that the method described in Section 4 for the solution of equa-
tion (1.17) is quite applicable.

9, The fundamental integrals which occur in the solution of problem 4,
when t = 1/(n - 1+ p) < t,, can be constructed with asymptotic error of
order k=P * ! by means of approx1mat1ng equation (3.4). The corrections
which can be realized by the use of operator N will affect only the free
terms of the equations and the boundary conditions determining the coeffi-
cients of the expansion of the change and intensity functions.

10. The damping of the fundamental integrals and of the integrals with
support contour y is of a nonuniform nature. The rate of damping of the
fundamental integrals for t < t, is always less than the rate of damping
of the integrals with the said support contour**, and moreover, the rate

* We note that hitherto it has not been necessary to require the oper-
ator N to be elliptic when ¢t < ty. but this will become necessary for
proposition (¢) to hold good.

*+ This fact served as the basis for introducing the term *"fundamental
integral® (an integral which penetrates deeper in the region).
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of damping of the fundamental integral depends on the change index, while
the rate of damping of the integrals with the said support contour re-
mains stable.

When ¢t = 0, the fundamental integrals lose the damping property. At
the same time, the proposed method becomes inapplicable for constructing
the fundamental integrals (since the parameter k ceases to be large), but
the method is still valid for constructing the integrals with the said
support contour (for 6 still remains large).

Vhen t = 0, the ordinary method of a small parameter can be used for
constructing the fundamental integral. Problem A, for the case t = 0, was
considered in great detail by Vishik and Liusternik in paper [ 3] (where
it was assumed that the small parameter did not appear in the boundary
conditions). For constructing the fundamental integrals, the method of
successive approximations was used in paper [3 ], while for constructing
the integrals with support contour y (the boundary layer, in the termino-
logy of [3] ) a method was used similar to that explained here and
applied earlier in monograph [2].

The Vishik and Liusternik results can, of course, be used in the case
t > 0, but it should be realized that they become less effective with an
increase of t, When ¢ > t;, the procedure used in [3] becomes entirely
useless,

Remark: Vishik and Liusternik introduced the term "boundary layer®
[ pogransilot ], interpreting it to mean any integral having the property
of exponential damping. This property 1s possessed by integrals with a
supporting contour. These two concepts are not identical, however.
According to Vishik and Liusternik, all integrals forming the solution
of problem 4 when t < ty must be attributed to the "boundary layer"
[pogransloi ], while according to the terminology adopted here, the solu-
tion of problem A consists of fundamental integrals and of integrals with
a support contour y. (The difference between these integrals is described
above).

If t < t;, the solution of problem A contains those integrals with the
support contour y which can be constructed only when the boundary of the
region in question does not touch a characteristic of operator L. If y
does pass along the characteristics of L or even touch them, the pro-
perties of the solution of problem A will change radically. For example,
this phenomenon explains the fact that in the theory of thin elastic
shells the state of stress of an open cylindrical shell or of a shell
with a hole is quite different from the state of stress of a closed
cylindrical shell without a hole (the characteristics of operator L in
this case coincide with the generators of the cylinder).
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For a study of the problem in which the boundary of the region passes
along the characteristics of operator L, a concept of the integral with
a characteristic support contour was introduced in [2] (in[3] an
analogous concept was called a parabolic limiting layer).

7. 1. Let us consider problem B for equation (1.1). By this we mean
the integration of equation (1.1) with boundary conditions

Do ((D) =»g(u.)eikq> on « (v=0,1,2,...,n—1)

Here y is a curve which does not touch the characteristics of operator
N and which coincides with the line @ = a, (if necessary, by the use of
a preliminary real transformation of the independent variables); ¢ (B8)
is a real function, ¢’{8) is never zero. The parameters of the problem
are assumed to be sufficiently smooth in the same sense as that given in
Section 6. Problem B is solved in general by the same process as problem
A. Moreover, the solution of problem B with a parameter has much in
common with the solution of this problem without a parameter. We will
shorten the explanations by taking the opportunity to make appropriate
references to the relevant Sections of this paper and of the earlier
work [11].

2. If the change index t of problem B is greater than t;, then the
solution of this problem can be constructed approximately by the super-
position of fundamental integrals with the same change index, i.e. by
means of the integrals corresponding to the families of characteristics

of operator N, That is, we may set
q=n
D = D) ODet@ (7.1)
g=1
where the summation is carried out over all n families of the character-
istics of N (N is assumed not to have multiple families of character-
istics).

The following contour conditions have to be imposed on the change
function and on the coefficients of the expansion of these functions:

fo(q)-'—" l?(p)v fx+l=0 on T ()\=0! 1, 2,...,?;——)(——1) (7’2)

The contour conditions for the coefficients of expansion of the in-
tensity function and for the remaining terms can then be derived in the
same way as in the solution of problem B in the earlier article [1].

Determining the principal part of the change function and the coeffi-
cients of expansion of the change and intensity functions is reduced in
the final step to the successive solution of Cauchy problems for first-
order linear equations, just as in Section 5. These equations will have
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no singular points in the neighborhood of y if we assume that there are
no points of common tangency between the characteristics of N belonging
to distinct families. The sclution of problem B can be constructed to

within an error of order kP *! by means of the approximate equation
(7.2),

If operator N is completely hyperbolic, then all the functions fo(q)
will be pure imaginary in consequence of (7.2). If, in addition,
t>1/(n-1-1), i.e. p > 1, then the functions f,, , will be identic-
ally zero (see Section 2) and the solution of problém B will have the
oscillating nature typical of such problems, However, if ¢ is restricted
to the interval

1

1
n—z“t°<t< n—Il—1

then the functions f cannot be assumed to be zero in a neighborhood
of y lying in I", and” the sum (7.1) will in general contain temms which
will increase rapidly as k » =.

3. If the change index of problem B is less than t,, and if y does not
touch any characteristics of L or of N, then the approximate solution is
composed of the sum of fundamental integrals corresponding to all the !
families of characteristics of L, and of the sum of integrals with support
contour y corresponding to all the n — I roots of equation (4.6).

The integral with support contour y must be taken in the fom (6.1),
(6.2), while ¢ and  are subjected to the relation (6.5). The coefficients
of expansion of the change function of the integrals with support contour
y must be subjected to the conditions

gn("):i(p, gn+:\=0 Ha Y A=1.. ., E—n—t r=1,.,Y3@0-1)

while the principal part of the change function of the fundamental inte-
grals, and the coefficients of expansion of these functions, must be made
to satisfy the following requirement:

fo(Q)= i, ffg*)_)‘= 0 =Ha T(l:O, 4, =%, g= 1,---,1/2l))

In this case, the contour conditions which are put on the coefficients
of expansion of the intensity function and on the remainder temms, as
well as those on the fundamental integrals and on the integrals with
support contour y, are determined as in the case t > t,. In the case in
question, the construction of function (1.4) for the fundamental integrals
reduces to the successive solution of a Cauchy problem for first-order
equations, one of which (the one determining the principal part of the
change function) is nonlinear. All these equations will have no singular
points in the neighborhood of y if the coefficients of equation (1.1) are
sufficiently smooth, if this equation does not possess singular points
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on y, and if on y there are no points of common tangency of character-
istics of L belonging to distinct families.

4, If ¢t < to then the solution of problem B will contain all integrals
with support contour y including those which in the neighborhood of y in-
crease rapidly as they are moved away from I, Therefore, for small ¢, the
solution of problem B will have a purely oscillatory character only in
exceptional cases, even when L and N are completely hyperbolic operators.

8. 1. Let us consider the problem of the construction of a particular
integral of the equation

RN (@) + L (®) = ¢ (a, B) e P (8-1)

where (as in the earlier article [1]) f is a pure imaginary sufficiently
smooth function which has no stationary points in the region in question,
¥ is a sufficiently smooth function (in general complex), while k is a
sufficiently large constant.

Assuming that k and h are connected by the relation (1.2), we call ¢t
the change index of the free term.

2. Let us suppose that the change index of the free term is a rational
number and satisfies one of the following three conditions:

t<n-——l+1’ t>n—-—l—-1’ l=———=1b (8.2)

Then a particular integral of (8.1) can be sought in the form

u=R

D =K"0, O = k0, (8.3)

.
u=0

where ¢ is chosen so that 1/t will be a number of the form o + r/{ . Sub-
stituting (8.3) into (8.1) we obtain a relation similar to (1.11):

, s=n+£2 p=s r=I +.R u=r
K S S RN (@) + B Y R R L (R0 = ¢
8~=0 p=0 r=0 u=9

r—us<l; us<R;, s—p<n; p<<R)

Following the earlier procedure, we equate the coefficients of equal
powers of k on both sides of this equation. Three cases can then arise.

(a) If
l=n—1/t+p =1

we set m = — [, and obtain
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LO(DO = 4'
u=r—11}{%

L@ = Y L (@)

u=0

(r~u<l; r=0, /¢, 2/{, ..., 8 - 1/{; 6 is the smaller of the numbers
p and R)

w=r—1/% p=r—p

Li®r = — D Ly (@) — 2 Nyyol®,) (8.4)1
u=0 pP=0
(r—u<<l; r—p—e<tn; r=—¢, o414/ p+2/0 ..., R—1/0)
r=!+.R u=R; s=ni Rtbp p=s—p
Z 2 K L (@) + Z Z KN ep (@) = 0
r=R u=Q s=R-}1 p=0

(r—usgl; s—p—p=<a)
b)) Ifl=n-Vt-plp>1), weset m= 1/t ~n=~ (l+p), and
obtain the system
Noq)o=¢

p=8—-11%

Ny®, = — 2. Nop (Oy)
p=0

(s=-p<n, s=0, 1/, 2/{, ..., 8~ 1/, €@ is the smaller of the numbers
p and R)

Pms—‘l g u=8—1[1§
N®p=— D Nep(@)— X New (D) (8.5t
p=0 u=0

(—p=n, s—u—p<l; s=p,p0+1/{,p4+2/¢,...,R—1/0)

s=n+R p=R r=I+R4p u=r—p
2 2 KN, (@) 4+ Y X KL, W(®)=0
=R p=0 r=R+41 u=0

(e—p<n;, r—p—u<li)

* These relations are valid only if R > p.
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(c) If I = n- 1/t, then, settingm=— 1= 1/t ~nand ¢ =1, we
obtain the system

(L0+N0)(Do=<[a

r=r—1]% p=8—111%
»

Lo+ N)@r=— 2 Lul@)— X Neyp(®)  (8.6)
u==0 p=0
(r—u<l s—p<n; rs=11+4+1/{,...,R—1/0)
r=l+.R u=}3 s=11-};R p:)}
2 D ETL a(@)+ D) D EN (@) =0
r=R u=0 8=R =0

(r—usl s— p<{n)

3. Systems (8.4), (8.5) and (8.6) generally make it possible to de-
termine successively all expansion coefficients of the intensity function
by means of algebraic operations. But to be able to do this it must be
required that the following conditions hold good at all points of the
region in question:

(a) If t < 1/(n - L+ 1), the expression L has to be different from
zero, m.e. the level lines of the change function of the free term must
not touch the characteristics of operator L;

(b) if t > 1/(n -~ 1~ 1), the expression N has to be different from
zero, i.e. the level lines of the change function of the free term must
not touch the characteristics of operator N;

(¢) if t= 1/(n ~ 1), the expression Ly+N, must not be zero {this re-
quirement does not have a simple geometrical interpretation).

4. 1f the expressions L,, N,, and L+ N; are identically zero for the
corresponding values of ¢t and in the region in question, then we have a
case analogous to the resonance case, i.e. the value of index m must be
increased by unity (if the characteristics of the corresponding operator
are simple, not multiple).

The expansion coefficients of the intensity function are then deter-
mined by linear first-order differential equations. We will not dwell
upon the details here. They are to be found in the earlier article [11].

9. The results presented admit of various generalizations.

1. The generalization to the case of more than two independent vari-
ables is trivial, The few assertions which require any examination are
those based on the expansions of the left-hand sides of equations (1.15)
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and (1.16) into factors which are linear with respect to foq and fOB.

2. The generalization to the case when operators L (for t < to) and
N(for ¢t > to) have multiple families of characteristics can be obtained
without changing the form (1.3) of the final integral. Here, however, the
selection of fraction ) /{ requires careful analysis involving the con-
sideration of a large number of various possibilities.

3. The generalization to the case when in place of equation (1.1) we
have a system of linear differential equations presents no fundamental
difficulties. Here the method of the selection of noncontradictory values
of the index of intensity described in monograph [2 ] can be used.

Remark. An example, constructed by Hadamard, on the instability of the
solution of Cauchy’s problem for an elliptic equation is widely known
(for example, see [4 ]). It can obviously be obtained as a particular
case of the solution considered in paper [1 ] of problem B for the elliptic
equation without a parameter, when the initial conditions contain a
rapidly oscillating function. Lax [ 5] has pointed out that this pheno-
menon reveals itself quite naturally in the application of asymptotic
integration: it merely relates to the fact that the change function
proves pure imaginary only for an entirely hyperbolic equation. The re-
sults obtained here in Section 7, subsections 2, 4, show that in solving
Cauchy’'s problem for an equation of the hyperbolic type with a small
principal part, phenomena can also occur, which approach the phenomenon
revealed in Hadamard’s example. This means that if the contour condition
formulated for problem B in Section 7, is fixed, a value of h can be
selected in equation (1.1) so small that ® becomes larger than any pre-
assigned number at points near y and inside I\
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